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ANALYTIC RANKS OF ELLIPTIC CURVES OVER NUMBER FIELDS
PETER J. CHO†
Abstract. Let E be an elliptic curves over the rational numbers. Let F be a cyclic extension
of prime degree l. Then, we show that the average of analytic ranks of E(F ) over all cyclic
extension of prime degree l is at most 2+ rQ(E), where rQ(E) is the analytic rank of E(Q). This
bound is independent of the degree of the cyclic extension. Also, we also obtain some average
rank result over Sd-fields.
1. Introduction
We investigate the average of the analytic ranks rF (E) of L(s,E(F )) as F varies over families
of cyclic extension of prime degree l. For a prime l ≥ 2, let denote the family of all cyclic
extensions F of prime degree l by Cl. Then, for a number field F in Cl, we have
L(s,E(F )) = L(s,E)
∏
χ
L(s,E × χ),(1.1)
where χ is the Dirichlet characters corresponding the cyclic extension F .
If F runs over quadratic fields, the average analytic rank of L(s,E × χ) is expected to be
1/2 regardless of the analytic rank rQ(E) of L(s,E) by Goldfeld’s conjecture. So we have the
following statement equivalent to Goldfeld’s conjecture [9].
Conjecture 1.1 (Goldfeld’s conjecture). Let E be an elliptic curve over Q. Then, the average of
analytic ranks of E over quadratic fields is 12 + rQ(E).
Goldfeld’s conjecture says that a half of the twisted L-functions L(s,E × χ) do not vanish at
the central point and the other half of them have the vanishing order 1 at the central porint.
However, the story seems different for cyclic extensions of prime degree l ≥ 3. David, Fearnley
and Kisilevsky [7] conjectured that for a fixed elliptic curve E and a fixed prime l ≥ 7, there are
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only finitely many primitive Dirichlet characters χ of order l for which L(s,E, χ) vanishes at the
central point s = 1/2. Also, they conjectured that only a small number of L(s,E ×χ)’s vanishes
for l = 3 and 5.
In [12], Mazur and Rubin introduced a notion of Diophantine Stability. Let K be a number
field. Suppose V is an irreducible algebraic variety over K. If L is a field containing K, we
say that V is diophantine-stable for L/K if V (L) = V (K). For a given elliptic curve E over
Q, if rF (E) = rQ(E) for a number field F of prime degree l ≥ 3, then under the Birch and
Swinnerton-Dyer conjecture, the algebraic rank of E(F ) is equal to the algebraic rank of E(Q).
By Merel’s uniform bound [14, Theorem 7.5.1] on the size of E(F )tor, we can see that there are
only finitely many number fields F of degree l for which E(F )tor > E(Q)tor. Hence, if we show
that the average of the analytic ranks rF (E) over cyclic extensions of degree l is rQ(E), then,
under BSD conjecture, the diophatine stability of an elliptic curve over cyclic extension of degree
l is true with probability 1.
Conjecture 1.2 (Goldfeld’s conjecture for cyclic extensions of prime degree l ≥ 3). Let E be an
elliptic curve over Q, let l a prime ≥ 3.
(1) The average of analytic ranks of E over cyclic extensions of degree l is rQ(E).
(2) The elliptic curve E over Q is diophatine stable over cyclic extension of prime degree
l ≥ 3 with probability 1.
We can understand these two seemingly different conjectures by Katz and Sarnak’s n-level
density conjecture for families of L-functions. Their philosophy is that the distribution of low-
lying zeros of L-functions in a natural family is governed by one of the five classical matrix groups
O,SO(even), SO(odd), USp, and U . We call it the symmetry type of the family. We may refer
to [11] for the introduction of the conjecture.
From the work of Rubinstein [11], when χ is qudratic, we can see that the symmetry type for
the family of L-functions L(s,E × χ) is O and the average of anaytic ranks rF (E) is at most
2.5 = 2 + 0.5. If Katz and Sarnak’s one-level conjecture is true for a test function with an
arbitrarily large compact support, the average analytic ranks would be 1/2, which is Goldfeld’s
conjecture. We will explain the detail in Section 4.
In [4], the author and Park essentially computed the one-level density for families of L-functions
L(s, pi×χ) for a cuspidal representation pi of GLM (AQ) and from it, we can see that the symmetry
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type is U . If one-level density conjecture for the symmetry type U is true, the average analytic
ranks becomes rQ(E).
In this article, we study the average analytic rank of E(F ) over the families Cl. Let E be an
elliptic curve over the rational numbers, let F be a field in Cl. By (1.1), we have
rF (E) = rQ(E) +
∑
χ
ords=1/2L(s,E × χ).
Hence the average of rF (E) is given by
rQ(E) + the average of ords=1/2L(s,E × χ) over Cl.
Let denote the conductor of an elliptic curve E by Q. In [4], we considered the primitive
characters with the conductors qχ co-prime to l and Q. Especially, the condtion (qχ, Q) = 1
determines the conductor of L(s,E×χ) completely. However, we do not require the co-primality
condition because the trivial upper bound
cond(L(s,E × χ)) ≤ q2χQ
is enough for our purpose.
Define
Cl(X) = {F |F/Q ∈ Cl , cond(F ) ≤ X }.
Now let ω be a non-negative valued smooth function with a compact support away from zero.
Then, define
Cl(X) =
∑
F∈Cl(X)
ω
(qF
X
)
.
We prove that the average analytic rank has a nice uniform upper bound independent of the
degree l.
Theorem 1.3. Assume GRH.[1] Let E be an elliptic curve over Q, l be a prime ≥ 3. Then,
lim
X→∞
∑
F∈Cl(X)
rF (E)ω(qF /X)
Cl(X)
≤ 2 + rQ(E).
[1]We need GRH for L-functions: ζ(s), Dirichlet L-functions with χ mod 2l, Hecke L-functions over K = Q(ζl)
with characters of order l, ζK(s) and L(s,E × χ) for primitive Dirichlet characters of order l.
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In Section 4, we also give an upper bound on the average analytic rank over some non-abelian
fields. A number field F of degree d is an Sd-field if its normal closure F̂ over Q is an Sd Galois
extension. For example, quadratic fields are S2-fields.
For a Sd-field F , we have
L(s,E(F )) = L(s,E)L(s,E × ρ),
where ρ is the (d− 1)-dimensional standard representation of the symmetry group Sd.
For a positive number X, let
Sd(X) = {F |F : Sd-field, |dK | ≤ X},
where dK is the discriminant of the field F . In [10], Lemke Oliver and Thorne showed that there
is a constant cd > 0 such that in Sd(X), there are ≫ X
cd−ǫ Sd-fields F with rF (E) > rQ(E).
From the previous works by Rubinstein [11] and the author and Kim [1, 2], we have
Theorem 1.4. Assume GRH for L(s,E × ρ). Let E be an elliptic curve over Q. Then
(1) The average of anaytic ranks rF (E) over qudartic fields is bounded by 2.5 + rQ(E).
(2) The average of analytic ranks rF (E) over S3-fields is bounded by 13 + rQ(E).
2. Cyclic extensions of degree l
For a prime l ≥ 3, let be F a cyclic extension of Q of degree l. There is an (l − 1)-to-1
correspondence between primitive Dirichlet characters of order l and cyclic fields K of degree l.
Counting cyclic extensions of degree l can be reduced to counting primitive Dirichlet characters.
In [4], the author and Park summarized the following well-known results for primitive Dirichlet
characters of prime order l.
Proposition 2.1. Assume that l is a prime.
(1) When l = 2, qχ is the conductor of a primitive quadratic character χ if and only if
qχ = 2
bm where m is an odd square-free integer and b = 0, 2 or 3.
(2) When l > 2, qχ is the conductor of a primitive character of order l if and only if
qχ = l
b
finite∏
q≡1 mod l
q, b=0 or 2.
(3) Let q be the conductor of a primitive character of order l with gcd(q, l) = 1. Then, the
number of primitive characters of order l with conductor q is (l − 1)ω(q), where ω(n) is
the number of distinct prime divisors of n.
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Remark 2.2. Since there are (l− 1) primitive Dirichlet character of order l with conducter l2, we
can see that the number of primitive characters of order l with conductor q is also (l − 1)ω(q).
We can count the number of cyclic extensions of degree l by considering the primitive Dirichlet
characters of order l: (
1 +
(l − 1)
l2s
) ∏
p≡1 (mod l)
(
1 +
(l − 1)
ps
)
=
∞∑
q=1
a(q)
qs
,
where a(q) is the number of primitive Dirichlet characters of order l with conductor q, which is
(l−1)ω(q). In [4], we showed that the Dirichlet series
∏
p≡1 (mod l)
(
1 + (l−1)ps
)
has a meromorphic
continuation for ℜ(s) > 1/4 with a simple pole at s = 1 and a pole of a finite order at s = 1/3.
Hence, the Dirichlet series
∑∞
q=1 a(q)q
−s enjoys the same analytic property.
We count the primitive characters with a weight. Let ω be a positive Schwartz class function
with a compact support away from zero. Then, we define
W (X) =
∗∑
χ
ω
(qχ
X
)
=
∑
q
ω
( q
X
)
a(q),
where the first sum is over all primitive characters of order l. Let
Al(p) =

p
p+(l−1) if p ≡ 1 mod l,
l2
l2+(l−1)
if p = l,
1 otherwise.
Lemma 2.3. Under GRH,
W (X) = Rω,lX +Oω,l(X
1/3) for some constant Rω,l.
In general, when n is a l-th power,
∗∑
χ
ω
(qχ
X
)
χ(n) = Al(n)Rω,lX +Oω,l(X
1/3),
where Al(n) =
∏
p|nAl(p).
Proof. The proof is essentially same with that of [4, Lemma 3.8]. 
Lemma 2.4. Under GRH, For n is not a l-th power,
∗∑
χ
ω
(qχ
X
)
χ(n)≪ω,ǫ n
ǫX1/2+ǫ.
Proof. The proof is essentially same with that of [4, Lemma 3.9]. 
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3. Proof of Theorem 1.3
Let E be an elliptic curve over Q, let f be the corresponding modular form of weight 2 with
level Q. Let χ be a primitive Dirichlet character of order l with the conductor qχ. Then, the
conductor cf×χ of L(s, f × χ)(= L(s,E × χ)) is at most Qq
2
χ. In our setting, since qχ ≍ X for
sufficiently large X, we have
log cf×χ ≤ L+O(1),
where L = 2 logX. Let us denote af (n),aχ(n), and af×χ(n) by the Dirichlet coefficients of the
logarithmic derivatives of L(s, f), L(s, χ), and L(s, f × χ) respectively.
−
L′
L
(s, f) =
∞∑
n
af (n)Λ(n)
ns
,−
L′
L
(s, χ) =
∞∑
n
aχ(n)Λ(n)
ns
, and −
L′
L
(s, χ) =
∞∑
n
af×χ(n)Λ(n)
ns
.
Then, a modified one-level denity[2] for an L-function L(s, f × χ) is defined to be
DX(f × χ, φ) =
∑
γf×χ
φ
(
γf×χ
L
2pi
)
,
where γf×χ denote the imaginary part of a generic non-trivial zero. Let φ be an even smooth
function with non-negative values for which its Fourier transform φ̂ is compactly supported.
Then, by Weil’s explicit formula [13], we have
DX(f × χ, φ) =
∑
γf×χ
φ
(
γf×χ
L
2pi
)
= φ̂(0)
log cf×χ
L
−
1
L
∞∑
n=1
Λ(n)
n1/2
(
af×χ(n)φ̂
(
log n
L
)
+ af×χ(n)φ̂
(
log n
L
))
+O
(
1
L
)
.
≤ φ̂(0)−
1
L
∑
p
log p
p1/2
(
af×χ(p)φ̂
(
log p
L
)
+ af×χ(p)φ̂
(
log p
L
))
−
1
L
∑
p
log p
p
(
af×χ(p
2)φ̂
(
2 log p
L
)
+ af×χ(p
2)φ̂
(
2 log p
L
))
+O
(
1
L
)
.
Note that af×χ(n) = af (n)× χ(n).
Hence, we have
1
W (X)
∗∑
χ
DX(f × χ, φ)ω
(qχ
X
)
≤ φ̂(0) + S1 + S2 +O
(
1
L
)
,
[2]For a usual one-level density, in the place of L we put the logarithm of the analytic conductor of the L-function
in consideration
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where
S1 = −
2
W (X)L
∑
p
log p
p1/2
af (p)φ̂
(
log p
L
)(
ℜ
∗∑
χ
χ(p)ω
(qχ
X
))
,
S2 = −
2
W (X)L
∑
p
log p
p
af (p
2)φ̂
(
2 log p
L
)(
ℜ
∗∑
χ
χ(p2)ω
(qχ
X
))
.
Now we assume that φ̂ is supported in (−1/2, 1/2). Then, by Lemmas 2.3, 2.4,
S1 ≪
1
X logX
∑
p<X1−2ǫ
pǫ log p
p1/2
X1/2+ǫ ≪
1
L
,
S2 ≪
1
X logX
∑
p<X1/2−ǫ
pǫ log p
p
X1/2+ǫ ≪
1
L
.
Theorem 3.1. Let φ be a smooth function with non-negative values for which its Fourier φ̂ is
supported in (−1/2, 1/2). Then,
lim
X→∞
1
W (X)
∗∑
χ
ω
(qχ
X
)
DX(f × χ, φ) ≤ φ̂(0).
Let denote the analytic rank of L(s, f ×χ) by rE,χ. If φ is a non-negative valued function with
φ(0) > 0, by a trivial bound
rE,χφ(0) ≤
∑
γf×χ
φ
(
γf×χ
L
2pi
)
,
we have
φ(0)
W (X)
∗∑
χ
rE,χω
(qχ
X
)
≤
1
W (X)
∗∑
χ
DX(f × χ, φ)ω
(qχ
X
)
,
and it implies
lim
X→∞
1
W (X)
∗∑
χ
rE,χω
(qχ
X
)
= lim
X→∞
∑
F∈Cl(X)
(rF (E) − rQ(E))ω
( qF
X
)
Cl(X)
≤
φ̂(0)
φ(0)
.
In particular, we take φ(x) =
sin2(2π 1
2
σx)
(2πx)2 . Then,
φ̂(u) =
1
2
(
1
2
σ −
1
2
|u|
)
for |u| ≤ σ, φ(0) = σ
2
4 , and φ̂(0) =
σ
4 .
By choosing σ = 1/2, Theorem 1.3 follows.
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4. Sd-fields
In [1, 2], the author and Kim computed the one-level and n-level densities for families of L-
functions L(s, pi × ρ) for a cuspidal representation pi of GLM (AQ). For automorphic L-functions
twisted by quadratic characters, the n-level density is verified by Rubinstein [11].
It is worth to mention that in [2, 11], they computed the n-level density not for the whole family
of L-functions L(s,E×χ) but for the subfamily with root number 1 and the subfamily with root
number −1 separately. The average of these two n-level densities agrees with the symmetry type
O.
Define
DX(f × ρ, φ) =
∑
γf×ρ
φ
(
γf×ρ
L
2pi
)
,
where γf×χ denote the imaginary part of a generic non-trivial zero. From the results in [1, 11],
it is very straightforward to show that
lim
X→∞
1
|Sd(X)|
∑
F∈Sd(X)
DX(f × ρ, φ) ≤ φ̂(0) +
φ(0)
2
for Sd(X) = {F | F : Sd-field, |dF | ≤ X } and a test function φ for which the Fourier transform
φ̂ has a small support. As in the previous section, we take
φ(x) =
sin2
(
2pi 12σx
)
(2pix)2
, φ̂(u) =
1
2
(
1
2
σ −
1
2
|u|
)
for |u| ≤ σ.
If we can take an arbitraily large σ, then we obtain Goldfeld’s conjecture.
For S2-fields (or equivalently quadratic fields), we can take σ = 1/2 by Rubinstein [11]. For
S3-fields, we can take σ = 2/25 from [1]. For d = 4 and d5, we choose σ = 1/864 and 1/2400 by
a work of the author and Kim [3] respectively. This gives a poor bound.
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